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1. Introduction
We will consider the unconstrained optimization minimization problem as follows:
minyegn f (%) QY

where f:R™ — R! is a smooth function whose gradient is for the sake of simplicity. For details see [17].

The best kinds of iterative methods are the conjugate gradient methods to solve unconstrained large-scale
optimization problems since they do not require matrix usage and are typically highly efficient. For details see
[16].

In conjugate gradient, a sequence {x;}, effective solution is proved by the following iteration:

Xg € R™, xp 41 = xp + i dy, 2)

where a;, > 0 is a step-size and dj, is direction. The search direction generated by:

diy1 = —Gk+1 + Brdi (3)

where [, is called the CG parameter. The step size a; satisfies some specific rules of the line, such as the
traditional quest for Wolfe line:

f(xi) = f (e + agdy) = —8aggidy “4)

9(xy + ady)"dy = ogidy )
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where 0 < 6§ <o <1 ,seein[13].

Numerical performance depends on the choice of Sy, it has been focused on in the literature. Some efficient
and effective parameters, for example, the ([5-8], [10-11], and [15]).
The most well-known [, expressions of methods conjugate gradient is Fletcher—Reeves method [7], in which is
defined by:

FR _ Ngr41ll? 6
k gl ©)

Different from the category conjugate gradient method, in a spectral conjugate gradient method, the search
direction dj,, is defined as follows:

Aiv1 = —OpGr+1 + Brdx (7)
where ), is called a spectral coefficient. It is easy to see that (7) reduces to (3) if 9, = 1 . More details can be
found in [9].

In this contribution, improvements are made to nonlinear CG methods that boost the efficacy of the basic
ones. The following modifications, using spectral coefficients:

T T T
0Py =0 =Tk =1, OFF = off =2k 6 = 6" = 2l 8)
More details can be found in [12].
Conjugate gradient methods have several global convergence findings and these are checked in [8, 14].
The purpose of this paper is to derive spectral coefficient and study its convergence property and numerical
results and a discussion.

2. A new spectral conjugate gradient method

One of the essential conjugate gradient methods has been solved open problems in [2] with the following CG
parameter:

T
BE = Ii+19k+1 9)
(f () = f Cereen) /o) — (9 i/ 2)

based on a parameter conjugate gradient, we derive a new spectral conjugate gradient.

Within this section, we will state the idea of proposing a new method of spectral conjugate of gradients and
develop a new algorithm.

Therefore, parameter conjugate gradient is satisfying the relation:

T
“Gk+1dk+1
< 1
Br = — oTds (10)

then it can be regarded as:

Brdhdk = Ghs1dk+1 (11)
T d _ g£+1gk+1 Td
Gier 1%+ = o)~ Gaean) /) —(ah s 2) T Hk

It follows from the meaning of y, we get:
Ve = Gier1k = icdi (12)
Let ¥, = (f(xx) — f(xxs1)/ax) — (g dy/2). It is obvious that:

T T
T d — _gk+1gk+1 ykdk - d
ie+19k+1 BT Yr — Gier19k
T T
Y9k T Ik+19k+1 T
=~ "o Jk+19k+ +—¢k Gre+1dk (13)
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Gie+1dkr1 = — OkGh1Gk+1 + Mgk+1dk (14)

where

T
gBBA = Yie Ak 1
(f Qi) = (rern)/ i)~ (9 A/ 2) 15
which we called BBA method. Based on the (15), which can give a new path of search:

T
Irk+19k+1 d 1
(f i) —f (e D)/ i)~ (grdie/2) K (16)

i1 = — Ql)cBBAng +

Utilizing the process above, a concrete method is presented as follows:
2.1 Outline of the the new Algorithm (BBA Algorithm):

Step 0: Chose xg ER™, 0< 81 <6,<1,Setdy=—g91.

Step 1: Stop when ||gx41]l < 1076, else continue.

Step 2: Compute By, is a parameter which is defined in (9) with @584 defined in (15).
Step 3: Set xp41 = Xp + aidj, such that the inequalities (4) and (5) are satisfied.
Step 4: Evaluate dy,q1 = —0r9r+1 + Lrdy -

Step 5: Go to Step 1 with new values of xp,q; and gj.q.

The next theorem shows that the new Algorithm has descent property.

Theorem 1
Let sequence {x,} be obtained by Algorithm 2.1, then gl, d;,1 < —c|lgr+1l? for all k.
Proof :
So dy = —go wehave ghdy = —|lgoll> <0.Let ghd, < —cqllgxll? for all k € n. Multiplying (16)
by gr+1 Wwe have :

T _ _ pBBA T gk+lgk+1
gk+1dk+1 - ek gk+1gk+1 (f(xk) f(xk+1)/ak) (g dk/z)gk+1dk

(7)

gT d — g£+1gk+1
K12k ™ (f ()~ f (e ) /i) — (91 dic/2)

lgk+all?

T G —f G )/ ai)- (gidk/Z)gkd" (18)
gkdk

T Fo0—f Grs )/ @) —(9Ldr/2)

[—Yi di + h+1dk]

||gk+1||2

Since gl dy < —c;llgkll? . then we have:
r 4 3 llgill?
ier1 @41 < TGOS T G ) )~k

lgull? . _ T 2
where € = —€1 o e =@ty Sinee €1 (fF (i) = f (1) /(@ — rdi/2) and [Ig|” are

positive, we have ¢ is also positive value.

Gk+1ie+1 < —cllgr+1ll? (19)
3. Global convergence

We'll be studying the global convergence of Algorithm 2.1 in this section. We first state the following mild
hypotheses which are needed in this paper to prove the main findings.
Assumption 1
i- The level set L = {x € R™|f(x) < f(x¢)} is bounded.
ii- In some neighborhood U and L, f(x) is continuously differentiable and its gradient id Lipschitz continuous,
namely, there exists a constant gy > 0 such that :
lg Cers1) — 9N < pallxpesr — xills VXpq1, X €U (20)
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More details can be found in [8].

The result of the following lemma, which is also called the Zoutendijk condition, is used to prove the
global convergence of the algorithms proposed. Zoutendijk originally gave this [18].
Lemma 1

Let assumptions (i) and (ii) holds and consider the CG method (1) and (3) with  dj.,1 satisfies

g£ +19r+1 < 0 and a, satisfies the inequalities (4-5). Then

By T < oo @
The theorem below points out the global convergence of the methods proposed.
Theorem 2
Let assumptions (i) and (ii) holds and sequences {gy,1} and {dy,1} be generated by Algorithm 2.1. Then
lim,_,, inf ||gx|| = 0. (22)
Proof :

Lemma 1 holds all according to the specified conditions. We'll be having the inference by implication in the
following. Suppose a positive constant exists €; > 0, by contradiction

lgr+1ll > & (23)

On the one hand, rewriting (18) as follows

dicsr + 054 g1 = B dic (24)
and squaring both side of it, we get:
lds1ll? + OFFD2NGrral? + 260854di 1 grra = (BE)Z i lI? (25)
From (25), we get
2
ldi+1ll? = B Ndill? — 2674 d} 1 giesr — (0°4) gk lI? (26)

From the above equation and (10), we have:
d 2
ldi+1ll” < (g"+1 "“) diell? = 26854 dis1G1a1 — (08%4) 1 grean lI? (27)

Dividing the both side of the inequality by (g, ;dx+1)?, we have

ldi+al® . ldell? _(QBBA)Z gk+all® — 26pP4 1
—_ 2
(A 419k+1)? (afgx) (a1 9k+1) diy19k+1
< Mkl _( BBA)Z lgisal® _ HppBa__ 1 1 1
(aTgr)’ gl T cllgiaal®  Mgieall? T Igieall?
lldll? _( BBA _lgisall 1 )2 1
T (@)’ VK cllgkral? T llgieall) T llgraal?
d 2 dpll? 1
(d!rlv k+1” )2 S ”Tk” . ” ”2 (28)
k+19k+1 (afgr) Ik+1
Using (28) on recurrence, and note that ||d[|> = —gTd; = ||g11|%, we get:
||dk+1||2 k 1
kil gk 29
(dfy19k+1)? =11 gy)12 (29)
Then we get from (28) and (23) that
(gkdk)
s &
lldel? — k (30)
which indicates
oo (gkdk) % —
Ll g = Zim15e = @ 31
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This contradicts the condition (21) of Zoutendijk. Hence holds the conclusion (22).

4. Numerical experiments

We present the results of our numerical experiments in this section to compare the algorithm presumed by FR
in [6] and the algorithm 2.1 in this paper.

To equate this paper's methods with other classical ones, we will test the gradient errors for the algorithms to
calculate the stop criterion ||gj41]| < 107° . Usually, when the gradient norm satisfies the following inequality,
we must compel the iteration to end. In the search step for the Wolfe line we must select the parameters as
follows, § = 0.001 ando = 0.9 .

Our studies were carried out unrestrictedly on a range of 30 Optimization test problems with the Andrei set
dimensions 100 and 1000, please see Andrei[l] for information. Various test functions were observed in [3 and
4]. The comparing data includes number of iterations (IN), number of restart (NR) and number of evaluations of
functions (NF).

Table 1: Numerical Results of BBA-Algorithm and FR- algorithm .

BBA algorithm FR algorithm
P. No. n NI NR NF NI NR NF
Extended White & Holst 100 34 18 68 43 18 88
1000 33 17 71 46 19 92
Extended Beale 100 14 8 27 32 15 52
1000 13 8 26 22 10 42
Penalty 100 11 7 28 10 6 27
1000 22 13 47 24 16 191
Perturbed Quadratic 100 83 29 125 95 33 150
1000 339 91 533 349 95 568
Generalized Tridiagonal 1 ~ 100 22 6 44 25 11 43
1000 26 6 54 46 28 741
Extended Tridiagonal 1 100 10 5 21 32 13 64
1000 15 7 29 77 46 129
Generalized Tridiagonal 2 100 40 15 61 37 8 67
1000 64 27 101 73 27 115
Extended PSC1 100 8 6 17 15 9 31
1000 7 5 15 8 6 17
Quadratic Diagonal P. 100 49 10 87 124 41 231
1000 179 38 311 445 196 711
Extended Wood 100 31 12 59 71 35 110
1000 26 10 51 47 15 84
Extended Hiebert 100 80 51 176 101 40 217
1000 80 51 173 101 40 214
Extended Quadratic 100 24 12 51 32 12 65
Penalty 1000 37 20 90 53 22 116
ARWHEAD (CUTE) 100 8 4 16 9 4 18
1000 8 6 56 12 7 82
NONDIA (CUTE) 100 11 6 21 13 7 25
1000 15 8 30 15 7 29
DIXMAANE (CUTE) 100 85 26 133 121 65 218
1000 253 77 394 345 169 634
Total 1627 599 2921 2423 1020 5171
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5. Conclusions
The spectral conjugate gradient is simple and well known method for minimizing the functions. We derive a
new spectral conjugate gradient which satisfies the sufficient descent condition and is the globally convergent.
Numerical tests are performed through a wide range of normal test functions. Computational findings indicate
that the total number of iterations, the total number of restart and function evaluations respectively decreased by
32%, 41% and 43%
Table 2 : Relative efficiency of the new Algorithm

Tools NI NR NF
FR Algorithm 100 % 100 % 100 %
BBA Algorithm 67.14 % 58.72 % 56.48 %
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